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Abstract

In ordinal data analysis, category collapse is the process of combining adjacent response options to
create fewer response categories than were originally measured. When collapsing response
categories, researchers need to be aware of inducing data-model misfit and of obtaining biased
parameter estimates. Through mathematical derivation we show that category collapse induces
data-model misfit when using Generalized Partial Credit IRT model (GPCM) generated data. This
data-model misfit is not present when using Graded Response IRT model (GRM) generated data.
Using simulation studies, we found that category collapse can indicate better data-model fit in
GRM- and GPCM-generated data. In the case of GPCM data, this result is spurious and can lead
practitioners to draw conclusions from models that do not fit the data well. Recovered GPCM IRT
item parameters were also significantly biased. Recommendations for practitioners who wish to
collapse categories are provided.
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Instruments that use ordinal response data (e.g., Likert scale data, or partial credit
scoring) are widely used in educational research studies. When using ordinal response
data, research practitioners often need to handle potential response sparseness. Response
sparseness occurs when a response option (or score) is rarely, if ever, endorsed (or
earned). The common practice for addressing response sparseness is to combine adjacent
response categories to either reduce the number of response options or dichotomize

a polytomous response item to obtain a significant number of responses per category
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(e.g., Outpatient and Ambulatory Surgery CAHPS, 2017), to improve data model fit
(e.g., National Center for Education Statistics, 2008), or to reshape the data to meet
specific modeling needs (e.g., Harpe, 2015). Collapsing response categories to create a
dichotomous response item from what was originally a polytomous response item can
introduce significant data-model misfit (Jansen & Roskam, 1986) along with a loss of
power, reduced scale reliability, and spurious statistical significance when determining
measurement invariance (Altman & Royston, 2006; MacCallum et al., 2002; Rutkowski
et al., 2019). When collapsing categories to improve polytomous data-model fit, ob-
served improved model fit may be spurious and only applicable to the collected sample
(Rutkowski et al., 2019).

Utilizing a category collapse approach is also commonly observed in item response
theory (IRT) analyses of ordinal response data to address disordered thresholds (e.g., Kim
et al., 2010; Linden et al., 2020; Matovu, 2019; Smith et al., 2003). When modeling ordinal
response data with an adjacent-categories IRT model, threshold order indicates how well
an instrument functions. Disordered thresholds may indicate sparse response data in
one (or more) of the response categories (Wind, 2023). Threshold order depends on the
number of participants responding to an item, and collapsing the central response option
to address threshold ordering (e.g., Rost & Von Davier, 1995) can complicate the under-
standing of the original scale by mixing respondents whose central response reflects
their latent trait with other respondents (Wetzel & Carstensen, 2014). Recent research
suggests that when using a Partial Credit IRT model (PCM), disordered thresholds should
be addressed by collapsing response options closest to the disordered threshold catego-
ry. When the central response option was affected, symmetrically collapsing response
categories, collapsing from both ends of the response continuum simultaneously, best
addressed the disordered thresholds. (Tsai et al., 2024).

The action of collapsing categories changes the observed item response matrix, and
in-turn manipulates the conditional probabilities of a respondent selecting a response
option or earning a particular score (Tsai et al., 2024). This action violates the joining
assumption (Jansen & Roskam, 1986) needed to fit logistic-adjacent models, like the
Partial Credit Model (PCM). Previously, Harel (2014) and subsequently Harel and Steele
(2018) provided an in-depth discussion on this topic when fitting a PCM.

In their 2014 paper, Harel demonstrated through mathematical derivation, that fit-
ting a PCM to data with collapsed categories would result in deliberate model misspe-
cification. Harel proposed three category collapse rules based on: (1) item response
function, (2) maximum information, and (3) integrated information. Simulation studies
were performed to test the proposed rules and the effect of category collapse on person
parameter recovery, and study how category collapse influenced threshold parameter
recovery. However, none of the proposed rules could be utilized to make a consistent
decision on when category collapse is appropriate. Harel and Steele (2018) extended this
area of research by proposing an information matrix test (IMT) to assess the degree
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of data-model misspecification introduced by collapsing the central response category.
They concluded that the direction the central category was collapsed influenced PCM
data-model fit significantly, and this misspecification was detectable using the proposed
Information Matrix test.

Although Harel and many other researchers have concluded that utilizing collapsed
categories negatively impacts statistical analyses, there exists a significant amount of
research utilizing data with collapsed categories. MacCallum et al. (2002) found that
11.50% of articles published between 1998 and 2000 in the Journal of Personality and
Social Psychology, Journal of Consulting and Clinical Psychology, and Journal of Counsel-
ing Psychology contained at least one instance of dichotomization through category
collapse. Additionally, only 20% of these studies provided justification for dichotomizing
responses. This finding illustrates the need for a comprehensive guide on when category
collapse is justified and proper guidelines for implementing category collapse.

There are two main open questions concerning category collapse that this paper
aims to address. Firstly, despite the significant research performed on collapsing response
categories to address threshold order and data-model fit, there is no clear conclusion on
whether category collapse introduces bias into polytomous IRT model item parameter
estimates. If biased item parameter estimates are obtained, it is also unclear to what
extent the ability estimates may be impacted. Therefore, the question remains: by col-
lapsing response categories to address threshold order and/or data model fit, are we
inadvertently biasing item and person parameter estimates?

Secondly, the majority of previous research concerning category collapse focused on
the Partial Credit IRT model. In practice, the primary two polytomous IRT models used
to model education data are the Generalized Partial Credit Model (GPCM; Muraki, 1992)
and the Graded Response Model (GRM; Samejima, 1968). However, to date, there has not
been research focused on examining and comparing what effect category collapse has on
these data generating models. Therefore, the question remains about if these results also
hold for GRM and GPCM data.

Thus, the purpose of this study is to extend the literature on category collapse
by investigating, through rigorous Monte Carlo simulations, if category collapse can
be justified when utilizing the Graded Response and Generalized Partial Credit Item
Response Theory models. We extend the literature by examining if sample size, the
direction of collapse, and the number of responses within a collapsed category have an
influence on Graded Response Model and Generalized Partial Credit model parameter
estimation and data-model fit. By performing this in-depth investigation, we can develop
recommendations for educational research practitioners who want to collapse adjacent
response options while introducing the least amount of bias in their results.

We begin by presenting relevant IRT methodology along with discussing statistical
methodology used for item parameter estimation. The second section presents our simu-
lation study and results. Lastly, we present an empirical example of category collapse and
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discuss how our simulation study results are supported by this study. We conclude with
recommendations for research practitioners based on our study.

Methodology
Item Response Theory Methodology

Two of the most popular unidimensional polytomous Item Response Theory models used
to analyze ordinal response data are the Graded Response and Generalized Partial Credit

models. While these two models can be used to analyze ordinal response data, education

research practitioners should be aware of the fundamental differences between these two
models.

The Graded Response Model

The Graded Response model is used to model the probability of a respondent endorsing
a particular response. For example, consider an instrument composed of items that have
Likert scale responses coded ask =0, ..., K where zero is a low endorsement of the
latent trait and K is high endorsement. Then the probability of an examinee with ability
level 6 endorsing Category k on Item j is defined as:

Py(x = kl6) = P3(6) — P, (0) = P(x > k) — P(x > k + 1) (1)

where

p=———— (k=1, .., K)

! 1+e (d/‘k + aje)

with item-specific discrimination Parameter a;, and K many threshold Parameters
d, dy, ..., dg. Furthermore, we define P;o =1and P;K =0.

The Generalized Partial Credit Model

In contrast, the Generalized Partial Credit model is used to model the probability of an
examinee earning the K" score out of a possible score of K. Respondents who receive
maximum credit on an item earn a score of K, and this score decreases to 0 as respond-
ents make mistakes. A fundamental assumption of the Generalized Partial Credit model
is that potential item scores are ordered such that a respondent who earns a score of k
has correctly satisfied the requirements to earn a score of k — 1. But the level of difficulty
moving from score of k — 1 to k may not necessarily be higher than the level of difficulty
stepping up from k — 2 to k — 1, hence the threshold parameters need not to be strictly
ordered. In contrast, in GRM, since it is a “difference model,” all threshold parameters
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need to be strictly ordered. Then, the probability of an examinee with ability level 6
earning the K" score on Item jis:

exp[zﬁ -0 — djv + aje]
Zf: oeXP[Zf; —o—dyt aje]

P jk(e) =

with item specific discrimination parameter a;, and K; — 1 threshold parameters
d,d,, ..., dKj_ 1- Note that the Index c is not associated with IRT parameters and is only
used to index the summations. We also define d;, = 0 and P Oij(e) =1.

The Influence of Category Collapse on GRM and GPCM Parameter
Estimation

Comparing Equations 1 and 2 we can see that, while both the GRM and GPCM are used
to model polytomous item response data, they have significantly different functional
forms. The GRM belongs to the “difference” model family while the GPCM belongs

to the “divide-by-total” family of IRT models (Garcia-Pérez, 2017; Thissen & Steinberg,
1986). This suggests that category collapse may influence each model differently. In
this section, we highlight how threshold parameter estimation might be influenced by
category collapse.

In Appendix A we derive the complete-data log-likelihood function and partial deriv-
atives for GRM and GPCM respectively. From this derivation we can conclude that if a
GRM is fit to the observed item response, the direction of collapse does not influence
threshold parameter estimation. Collapsing the highest two parameters involves remov-
ing the threshold parameter corresponding to the highest response option. Similarly,
when collapsing into a lower response category, the threshold parameter for the higher
response option is removed. After removing the collapsed threshold, a GRM can still be
used to estimate threshold parameters. The derivation is based on theory, and it alone
will not provide a practical guide as to when collapse is needed. Instead, simulation
studies must be used to determine thresholds for sparseness based on empirical evidence.

In contrast to GRM, using collapsed categories with GPCM changes the underlying
threshold parameter estimation equation. Threshold parameters in GRM models the
probability of responding to Category k or above. The link between non-adjacent catego-
ries allows for removal of a threshold parameter without changing the underlying IRT
model. In contrast, threshold parameters in GPCM relate to two adjacent response cate-
gories with no connection to other response categories. Therefore, collapsing adjacent
response categories by removing a threshold parameter influences the estimation of
all other response categories. This collapse process changes the underlying IRT model.
Prior research has found similar conclusions (e.g., Harel, 2014; Harel & Steele, 2018).
However, these prior studies did not examine if the data-model misfit significantly biases

Methodology
2025, Vol. 21(1), 46-73

GOLD
https://doi.org/10.5964/meth.14303 B PsychOpen


https://www.psychopen.eu/

Quan & Wang 51

parameter estimation. The degree to which parameter estimates are influenced, can only
be studied through simulation.

Testing Data-Model Fit

Here, we are interested in using the Generalized S—X? test for polytomous item response
data (Kang & Chen, 2008) to validate the conclusions presented in prior category col-
lapse research. That: (1) analyzing collapsed GPCM data by fitting a GPCM results

in significant data-model misfit percentage, and (2) analyzing collapsed GRM data by
fitting a GRM results in a nominal data-model misfit percentage. If Conclusion (1) holds,
we would observe a large percentage of GPCM simulations using collapsed data to be
flagged for data-model misfit as compared to baseline data-model fit percentages. If
Conclusion (2) holds, we would observe a similar percentage of data-model misfit for all
GRM simulations. A brief outline of the S—X? test is provided below.

The generalized S—X” test is used to determine how well a proposed IRT model
matches the observed item responses. The S—X" test statistic follows an asymptotic
Chi-Square distribution, and its corresponding p-value can be interpreted similar to
traditional Chi-Square goodness of fit tests. The S—X” test statistic is calculated as:

F-K; Ly (Oikm - Eikm)2
S—-x’= Zm:KijZkon (3)

ikm

where k is the item response category/score, Kj is the highest possible score/response
category of Item j, F is a perfect test score, and N,, is the number of examines in

Group m. Note that the outer summation starts at m = Kj because groups with extreme
test scores (e.g., all correct or all incorrect) will have an expected proportion of zero.

The conditional expected and observed category proportions, E;,, and O, respectively,
along with its degrees of freedom are calculated using methodology outlined in Kang and
Chen (2008).

Simulation Study Methodology

For the simulation study we began by generating two datasets, one using a GRM data
generating model and the other using a GPCM data generating model. Each having

12 items with 5 response Categories (0, 1, 2, 3, 4). We induced sparseness in response
Category 3 by manipulating the data generating thresholds for the d; parameter until

we achieved an endorsement rate of approximately 5% for Items 7-9, and approximately
2.5% for Item 10-12. No other response categories, aside from Category 3, contained
sparse endorsement rates. Data were generated using the MIRT package (Chalmers, 2012)
within R Statistical Software v4.3.2 (R Core Team, 2023). Data generating parameters are
provided in Appendix B.
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Two endorsement thresholds were used to determine when category collapse is
appropriate: (1) When a response category is endorsed by 5% or less of respondents,
and (2) When a response category is endorsed by 2.5% or less of the respondents. Using
the 2.5% endorsement threshold Items 10-12 would have Category 3 collapsed into an
adjacent category, and using the 5% endorsement threshold would result in Items 7-12
having Category 3 collapsed into an adjacent category.

This collapse process resulted in 6 unique datasets for each data-generating process
is outlined in Table 1 below. The Baseline dataset which is the original data that does
not contain any collapsed categories, (2a & 2b) The Collapsed-Up dataset where responses
for Category 3 were recoded into responses for Category 4, and (3a & 3b) The Collapsed-
Down dataset where responses for Category 3 were recoded into responses for Category
2. Datasets 2a and 3a result from using a 5% endorsement threshold, and Datasets 2b and
3b are from a 2.5% endorsement threshold. Each of these five datasets were generated
using one of six sample sizes: 150, 250, 500, 1000, 1500, and 2000.

After generating the analysis datasets, a Generalized Partial Credit or Graded Re-
sponse IRT model was fitted to the data depending on which data generating model
was used. Parameter estimation was obtained using standard EM algorithm with fixed
quadrature within the MIRT package. To determine how closely recovered item parame-
ters from collapsed datasets match parameters recovered from the baseline dataset we
calculated the relative bias (Hoogland & Boomsma, 1998) of estimated item parameters.
Using the discrimination parameter as an example we denote a; as the simulated true dis-
crimination parameter and @; as the mean of the recovered discrimination parameters for
the /" item over all simulations. Then the relative bias of the discrimination parameter
for the jth item is calculated as:

(@) - 22 @

Relative bias values more extreme than [0.05| indicate that the item parameter of interest

was not well recovered.
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When collapsing categories, the number of threshold parameters changes. Figure 1 dis-
plays how threshold parameters change when collapsing categories. The parameters on
the top of the number line denote the simulated true data generating parameters and
the parameters on the bottom of the number line denote the recovered item parameters.
When the data does not contain any collapsed categories (Figure 1a) we can directly
compare recovered parameters which are denoted as a, d » d 2 d 5 and d + When
collapsing response Category 3 up into Category 4 (Figure 1b) we are essentially remov-
ing the d, parameter and directly comparing the remaining item parameters. When
collapsing response Category 3 down into Category 2 (Figure 1c) we are removing the d;
parameter.

Figure 1

Parameter Comparisons

a; dq d, ds d,
L 1 1 1 1
: H s LA !
a1 d1 dz d3 d4
a1 d1 dz d3 d4_
L 1 1 1 ]
| ! AI l |
a; d, d, d;

a; dy d, ds d,
L 1 1 1 ]

| ! ,\l !\ 1
a, dy d, ds

Note. Figure 1a (top) represents the baseline condition. Figure 1b (middle) represents collapsing Category 3 up.
Figure 1c (bottom) represents collapsing Category 3 down.

To determine how closely the recovered person parameters matched the simulated true
data generating person parameters, we calculated the simulation average bias and Root
Mean Squared Error (RMSE) of recovered person parameters. RMSE is calculated using
Equation 5 where él- is the recovered person parameter of Person i and 6 is the simulated
true data generating person parameter for Person i.
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RMSE(8) =

To understand if category collapse results in detectable model misfit we calculated the
percentage of items that were flagged for model misspecification across all simulations.
In summary, our simulation study is a 6 x 2 x 3 x 2 completely crossed design with (a) 6
sample size levels (150, 250, 500, 1000, 1500, 2000), (b) 2 levels of response sparseness for
Category 3 (5%, 2.5%), (c) 3 collapse directions (baseline, collapsed-up, collapsed-down),
and (d) 2 IRT models (GRM and GPCM).

Simulation Study Results
Category Collapse and Data-Model Fit

Figures 2 and 3 below display the percentage of simulations (out of 500) that an item
containing collapsed categories was flagged for data-model misfit using an alpha level of
o = 0.05. When examining GRM data-model fit (Figure 2), we observed slightly inflated
Type I errors for Items 7-12 in the GRM baseline dataset. This suggests that the § — X°
test is sensitive to sparseness in GRM data. Kang and Chen (2008) also observed inflated
Type 1 errors when using the S — X* with sparse response frequencies. Kang and Chen
concluded that despite the inflated Type-I, the S — X test can still be used for determin-
ing GRM data-model fit. When fitting a GRM to data containing collapsed categories, the
data-model fit improves for items containing collapsed categories. In almost all cases, the
percentage of flagged simulations decreased after category collapse.

Conversely, when using GPCM with collapsed categories (Figure 3) the percentage
of simulations flagged for data-model misfit increased. This result confirms research
performed in Harel (2014) by demonstrating that collapsing categories with GPCM data
introduces undesirable data-model misfit. Additionally, unique to our study, we can see
from Figure 3 that the power to detect this misfit is only present at larger sample sizes.
At smaller sample sizes, collapsing GPCM response categories does not seem to worsen
the data-model fit.
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Figure 2

Percentage of Flagged Simulations: Items 7-12. GRM Data
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Note. When using a 2.5% endorsement sparseness collapse rule Items 10-12 contained collapsed categories and

using a 5% endorsement sparseness collapse rule Items 7-12 contained collapsed categories.

Figure 3

Percentage of Flagged Simulations: Items 7-12. GPCM Data

ot 0 0 S L0 N
40%: i
- i

S 30%

20%;

Uouipog 033800 %S T

10%:

0%
40%

30%

20%:

opU) 9508100 %5

10%;

Percentage of Replications with Data Model Misift

0%

QQ‘QQQQ OO O OO OO O
o ‘BQ@Q\("QQ,& Oy ‘)Q\QQ\(”QQ,QQ Oy @@0\(’9@0 o ‘OQ\QQ\(”Q@Q ’\('JQ?%Q\QQ'@Q@Q ’\%“&%Q'\DQ\("Q @QQ
Sample Size

Collapse Direction

;

Baseline
Collapse Down
Collapse Up

Note. When using a 2.5% endorsement sparseness collapse rule Items 10-12 contained collapsed categories and

using a 5% endorsement sparseness collapse rule Items 7-12 contained collapsed categories.
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Category Collapse and Person Parameter Recovery

The person parameter (0) was well recovered when fitting a graded response model

for all sample size, collapse direction, and sparseness conditions. The average bias of
recovered person parameters over 500 simulations was very close to zero in all situations.
Additionally, collapsing response Category 3 resulted in a decrease of the RMSE, suggest-
ing that person parameters were better recovered under the collapsed conditions. These
results are presented in Figures 4 and 5. This finding supports the research performed in
Jiang (2018). When adjacent response categories are collapsed due to response sparseness
person parameter recovery was not affected. These results support that as much as 5%

of the total number of responses can be collapsed without influencing GRM person
parameter recovery with a sample size as small as 150.

Similar results were observed when examining person parameter recovery when
using the GPCM with collapsed categories (Figures 6 and 7). The average bias was very
close to zero for all simulation conditions. Standard errors were consistently around
0.30 for all simulation conditions. RMSE of recovered person parameters was smallest
when no responses were collapsed. Both collapse conditions resulted in similar RMSE
values. However, the increase in RMSE was marginal (> .10). These results suggest that
despite the intentional model-misspecification induced by using GPCM with collapsed
categories, person parameter recovery is not affected.

Figure 4

Average Bias of Recovered GRM Person Parameters
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Figure 5

RMSE of Recovered GRM Person Parameters
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Figure 6

Average Bias of Recovered GPCM Person Parameters
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Figure 7
RMSE of Recovered GPCM Person Parameters
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Category Collapse and Item Parameter Recovery

When fitting a Graded Response model using a 5% collapse rule Items 7-12 contain
collapsed categories. The slope parameter (a,) was well recovered for all items containing
collapsed categories. All the threshold parameters (d,, d,, d,) were also well recovered
from items containing collapsed categories. Using a 2.5% collapse rule Items 10-12
contained collapsed categories. Similar to the 5% category collapse results the slope

and threshold parameters were well recovered from all items containing collapsed cate-
gories. In general, item parameters were best recovered when response Category 3 was
collapsed up into response Category 4. These results are displayed in Figures 8 and 9
respectively.
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Figure 8

Relative Bias of Recovered GRM Item Parameters 5% Collapse Condition
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Note. When using a 5% endorsement sparseness collapse rule Items 7-12 contained collapsed categories. The
dashed horizontal lines indicate the [0.05] threshold for extreme relative bias.

Figure 9

Relative Bias of Recovered GRM Item Parameters 2.5% Collapse Condition
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Note. When using a 2.5% endorsement sparseness collapse rule Items 10-12 contained collapsed categories. The
dashed horizontal lines indicate the [0.05] threshold for extreme relative bias.
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Figures 10 and 11 display the relative bias of recovered item parameters when using a
5% and 2.5% collapse rule respectively for response Category 3 with GPCM. Using a 5%
collapse rule, where Items 7-12 have collapsed categories, we can see from Figure 10 that
when using data with collapsed categories item parameters are not well recovered. The
d, parameter displays significant bias regardless of collapse direction, however collapsing
up seems to introduce the least amount of bias into the parameter estimate. In addition,
the d, and the a, parameters display significant bias when using collapsed down data.
This suggests that using GPCM with collapsed categories not only biases the parameters
related to the target response category, but also influences other response categories.
Using a 2.5% collapse threshold (Figure 11) resulted in lower (but still significant)
relative bias values. From Figure 11 we can also compare parameter estimates between
items without collapsed categories (Items 7-9) and items with collapsed categories (Items
10-12). Using collapsed categories significantly increases the relative bias in item param-
eter estimates. All item parameters display significant relative bias values regardless of
collapse direction. Similar to the 5% collapse condition, collapsing response Category 3
up induces lower (but still significant) relative bias values.

Figure 10

Relative Bias of Recovered GPCM Item Parameters 5% Collapse Condition

tem 7. ltem8, llem9 tem 10 tem 11 tem 12

Relaive Bias
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Note. When using a 5% endorsement sparseness collapse rule Items 7-12 contained collapsed categories. The
dashed horizontal lines indicate the [0.05] threshold for extreme relative bias.
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Figure 11

Relative Bias of Recovered GPCM Item Parameters 2.5% Collapse Condition
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Note. When using a 2.5% endorsement sparseness collapse rule Items 10-12 contained collapsed categories. The
dashed horizontal lines indicate the [0.05] threshold for extreme relative bias.

Empirical Example of Category Collapse

In this section we analyzed two-cohort repeated measure data from the Alzheimer’s
Disease Neuroimage Initiative (ADNI). 1,656 ADNI participants were recruited from 57
sites in the United States and Canada. Participants were between the ages of 55 and
90. Participants responded to series of initial tests that were repeated at intervals over
subsequent years. We used cognitive battery data from 2 ADNI cohorts: ADNI1 and
ADNI2/ADNI GO. Specifically, we focus on the memory section (ADNI-MEM) of the
cognitive battery.

To address MCMC convergence errors, cognitive battery polytomous item response
categories were combined if less than 20 individuals endorsed a particular category. Di-
chotomous response items were dropped if less than 20 individuals endorsed an option.
ADNI1 collapsed categories were used for any shared items with ADNI2/ADNI GO. Table
2 below shows how the items measuring memory were recoded (Gibbons et al., 2012;
Wang et al., 2023).
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A 2-Parameter Logistic (2PL) model was fit to items with binary responses and a Gra-
ded Response Model (GRM) was fit to items with polytomous responses. GRM was
selected for polytomous responses due to the Likert-type data collected. This fitting

was performed twice: once on the original dataset and once on the collapsed dataset.
Person parameters were extracted from each model fitting. Bias, Root Mean Square Error
(RMSE), and average Standard Error (SE) was calculated with the original dataset serving
as the “true” person parameters.

From Table 3 we can see that collapsing response categories did not have a negative
effect on person parameter recovery. The bias between person parameter estimates from
the original dataset (without collapsed categories) to person parameter estimates using
collapsed data was very close to zero for all four datasets. The RMSE was also very close
to zero indicating that the person parameter was well recovered after collapsing response
categories. The average standard error of person parameter estimates increased slightly
after collapsing response categories, but the increase was not significant.

Table 3

ADNI-MEM Person Parameter Recovery Summary Statistics

Data Bias RMSE Average SE Change
ADNI1 Baseline 0.001 0.057 0.007
ADNI1 Follow up 0.001 0.063 0.008
ADNI2 Baseline 0.004 0.054 0.005
ADNI2 Follow up 0.004 0.057 0.007

Note. Table values indicate the Bias, RMSE, and Average SE Change between the original dataset and the
dataset containing collapsed categories.

Practical Implications for Researchers

This study examines the impact category collapse has on IRT parameter recovery and
IRT data-model fit. Our study expands the literature by exploring parameter recovery
and data-model fit for the Generalized Partial Credit IRT model along with the Graded
Response IRT model.

In practice, since the true data generating model is unknown, the candidate IRT
models (e.g., GRM or GPCM) are often selected based on item types. For instance, data
collected from a Likert-type item would be appropriate for GRM, while scores from a
constructed response item would be appropriate for GPCM. We provide the following
example for researchers to consider when deciding which candidate IRT model to use.

Consider an assessment scored from 0 to 4 where students are asked to solve a
constructed response math item. When scoring student work, students who earn a 3 have
also successfully completed enough work to earn a score of 1 and 2. This assumption
leads us to recommend the GPCM as a candidate IRT model. In contrast, consider a
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Likert-style survey item with responses “Disagree,” “Neutral,” and “Agree.” This would
lead us to recommend the GRM as a candidate IRT model.

We caution researchers against applying both GRM and GPCM to their data and
selecting the one with the best-fitting results because we need to interpret model pa-
rameters that align with the specific item types. Researchers can use a statistical test
such as the § — X” test to confirm if their proposed IRT model fits their data prior to
data collapse. We strongly recommend that researchers confirm that their observed item
response data fit their proposed IRT model prior to category collapse.

In sum, we provide the following recommendations to practitioners: Firstly, if the
observed item response data comes from Likert scale items, research practitioners can
fit a GRM to a collapsed dataset. There was no significant data-model misfit introduced
for any items containing collapsed categories. Secondly, if GRM is used, practitioners
may use either the 2.5% or 5% endorsement threshold when deciding to collapse adjacent
response categories. Practitioners should collapse the targeted response category down
into the next lowest adjacent category. This combination resulted in the least bias in
recovered IRT person and item parameters.

Thirdly, if the observed item response data best fits a GPCM we caution against
fitting a GPCM to a collapsed dataset. This process introduced significant data-model
misfit for larger sample sizes along with substantial relative bias in recovered person
and item parameters. Lastly, if researchers wish to collapse categories when using GPCM
we recommend that researchers collapse the target response category up into the next
highest response category. This process still produces significant relative bias values
in recovered item and person parameters, but the bias is lower when compared to
collapsing down.

Conclusion

The purpose of this study is to extend the literature on category collapse by investigat-
ing, through rigorous Monte Carlo simulations, if category collapse can be justified
when utilizing the Graded Response (GRM) and Generalized Partial Credit (GPCM) Item
Response Theory (IRT) models. From our extensive simulation study, we concluded that
when using the Graded Responses model adjacent response categories can be combined
without biasing IRT parameter estimation. In contrast, when using a Generalized Partial
Credit model with data containing collapsed categories IRT parameters were not well
recovered and significant data-model misfit was introduced into the analysis.
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Appendices

Appendix A: GRM and GPCM Parameter Estimation GRM Threshold
Parameters

We begin by deriving the GRM complete-data log-likelihood function and respective partial deriva-
tives. Let X; be the observed item response vector for person i, with i = 1...N and j = 1...n denoting
the sample size and test length respectively. The joint maximum likelihood is:

K-1

L(x;, x5, ..., xxla, d, 0) = H;l: 1[ k=0 ij( = k|a ., 0 ) )] (A1)

For notational simplicity let P(x]0, ¢) = [T~ - OlP/k(xl i=k|a,d, ,) X”"), with e being the n x 2 ma-
trix of item parameters. The marginal likelihood of X is:

N

L= H JP(x,—|6,-, e)-g(6]t) b (A2)

i=1

Where g(8|1) is the normal density. We further simplify the notation by letting
P(x,€) = T} - JP(x)0,€)- g(8]t) d. Then, to finally find the MMLE of d, we take the respective
partial derivative of the log likelihood.

aidk(logL) = aidklog(P(xi, €)) (A3)
— v 1 )
- ; P(x,€) .4[<a_dkp(xi|e’ e))g(9|f) do (A4)
B ; P(): 6) . J( ad [IOgP( i|e’ e)])P(xile’ €) : g(9|T) do (AS)
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P(x;(6 0
ZJ [logP 16, )] M do (A6)
= P(x; €)
Note that using Bayes Theorem we have % P(Blx, T, €).
N
logL ZJ logP x/0,¢)|P(0]x, T,¢) dO (A7)
We now focus on solving aa—dk[logP(x,-IG, o).
d Tsy0)
SqlloeP(xio. 0l = 5 S 1ogI T - s Py = klap . 6) | (A8)
K-1
= k,olx =k’ a [log ( - k‘ dk’ )] (A9)
K-1 1 0
= k=()Ix,,:k' ( —k| 4.0 ) a_dkP ( k‘a dh 1) (A10)
K-1 1
= I o ————|F(©)-(1 - F(6
k=0"x;=k P;é(e)—P;(Jrle [ k( ) ( k( ))] (All)

After substituting Equation A11 into Equation A7 we obtain:

5 (logL) = ZJZH Lyt g o 5 RO O] PO e do (A1)

Where Q;(0) = 1 — P;(0).

From Equation A12 we can see that threshold estimation only involves the two adjacent
response categories, k and k + 1. Collapsing the highest two parameters involves removing the
threshold parameter corresponding to the highest response option. Similarly, when collapsing into
a lower response category, the threshold parameter for the higher response option is removed.
After removing the collapsed threshold, a GRM can still be used to estimate threshold parameters
because category collapse has not altered the order of the remaining threshold parameters.

GRM Discrimination Parameter

Continuing the derivation presented in the previous section, we now focus on finding the MMLE
of the item specific discrimination parameter a;. To do so we take the respective partial derivative

of the log likelihood.
2_(logL) = =2log(P(x, €)) (A13)
da; & day; & v

Following a similar derivation as the threshold parameters we obtain
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N
logL = ZJ logP( 16, ¢)]P(6)x, T, €) d (A14)

We now focus on solving aa—aj[logP(xi\G, )l

[logP(xIG o] = [longfo o xu—k| .4, 0 ) ] (A15)
K-1

= 2umoly-r g, L logPy(x; = K|a, ,6,)] (A16)

= f,olfx -k L % () = ka, d,.6) (A17)

P(x —k‘ , s l) 9

K-1

oo =k m -[6P(0)0;(6) — 0P, ()0 . 1(6)] (A18)

Where Q;(0) = 1 — P(0). Substituting equation A18 into A14 we obtain:

(logL) Z J K-1 I [6PE(0)Q¢(0) — 6P, 1(0)Q; . 1(6)] PO, T, )d0 (A1)

S ) =0t =k Pi(6) — Py, ,(6)

As in the case of the threshold parameter estimation, the estimation of the GRM discrimination
parameter also only involves the two adjacent response categories, k and k + 1.Therefore, in
theory, category collapse will not influence the estimation of item specific GRM discrimination
parameters.

GPCM Threshold Parameters

Let X; be the observed item response vector for person i, with N and n denoting the sample size
and test length respectively. Let P, be the probability that student i is assigned score k on Item j,
with all items having a maximum score of K. The joint maximum likelihood is:

LGy X xladi8) = [ -, [Hfz o P = k| @ dy, ei)’w] (A20)
With

ka0, —d.
Pijk _ exp[zm_oa/( i Jm)] (A21)

ps oeXp[Zl:n = Oaj(ei - djm)]

Similar to the GRM derivation, we write the first derivative of the log-likelihood as:

a (logL) = ZJ 1ogp(x|e )|P(0lx,T.¢) do (A22)

jm =
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Where (x|6;,€) = HkK:_OIP}.k(xij =k|a.d, ej)I(‘”:‘). Focusing on aa—dk[logP(xi|9, ol

a,d,0)" *)] (A23)

) 9 K-1
a_dk[logp(xi|es ol = @[lognk =0 ij(xif =ka

k
exp[Zm =0 aj(ei - df’”)]

o A24

Zk 0 L=k ad,,, o8 zfzoexp[zlfn:oa;’(ei_d/m)] .

SD YR MIRE ) VRN CEZ RS ) IS ) S (R | Ere

When calculating the first derivative we consider 2 cases: when an examinee is assigned a score of
0 (i.e., k = 0) and when the assigned score is above zero (i.e., k=1, ,2..K).
When k = 0 we have:

~log(P(x[6,¢)) = L= (0 l ’
ad Zk 0=k’ »K_ Oexp[zlfn - oaj(ei - djrn)] (A26)

o2 o] T af0-4,))

_ K- 1[ ( Z}If teXP[Zk j(ei_dm)]
k=0 m=k yK oeXP[Z j(ei_djrn)]

) (A27)

Ko ( - oexp[Th-0a(0,-d)]  Tizhexp[sh-oa(0,-d,)] ) (a28)

= I, -
k=0 m=k Zk oeXp[Zm 04 ( djm)] ZkK: oeXP[an = Oaj(ei - djm)]

= 2uk—oly =k a( Z p,k(e)) (A29)

Similarly, when k = 1,2, ..., K we have:

L tog(P(x]6.6) = Doy_, 1 ( :
—log(P(x6,¢)) = kool =k | —4— X
a4, 0 ! ZkK: oeXP[ZIrCn = Oaj(ei - djm)] (A30)

_ajZf: texp[an =0 aj(e,« B dj’")])

i 0, d,
= kK_olle.v=k.<—aj+aZk ‘eXp[Z'" Oa( )] ) (A31)
! P oeXP[Zm = Oaj(ei - djm)]
-y '<_a,+a‘Zg—OeXp[an—oaj(ei—dm)] B berpl S0~ 4 ) (A32)
k=0 =k TTEE sexp| s 2000, 4| 2k=0eXP[2m=0ai(ei_dfm)]
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= Zk L=k <—kZ ij(e)) (A33)

Combining the results, we obtain the first derivative of the log-likelihood with respect to the
threshold parameter of interest as:

Zk—o xfk a( I;()ij(e)), k=0

5 d ~—log(P(x6, ¢)) = o (A34)

zk—o L -k (—kzop,-k(e)), k=1,2..K

After substituting Equation A36 into Equation A7 we obtain two cases for the derivative:

ZJ(Zk—o X =k a( ;;pjk(e)»xP(@Ixi,r,e) de, k=0

d ) i=1

2J<Zk_0 e (—kz_: pjk(9)>)><P(9xi,'r,e) 40, k=1,2,...K

2 (A35)
i=1

In contrast to the GRM threshold parameter estimation, we can see that the estimation of GPCM
threshold parameters relies on all response categories. Since category collapse involves the removal
of a threshold parameter, estimated GPCM threshold parameters using collapsed category data

will not be the same as the ones estimated from the original dataset. This introduces data-mode
misfit since the resulting dataset after category collapse no longer follows a GPCM item response
function.

Appendix B: Data Generating Parameters

Graded Response Model Data Generating Parameters

Item a d1 d2 d3 d4
Item 1 1.9682867 3.210208 0.6041567 -1.7253799 -2.78973
Item 2 1.2967538 2.341573 1.261702 -0.2455449 -2.013333
Item 3 3.6240119 6.163613 2.7843951 -1.0279311 -5.787697
Item 4 1.6383015 2.669297 0.6504664 -1.0579291 -2.658706
Item 5 2.6412785 4.14342 0.4016618 -0.9414887 -2.823617
Item 6 1.8363191 3.078195 1.4678899 -1.7952482 -2.747437
Item 7 2.7586827 3.981743 1.7643366 -3.0573067 -3.746977
Item 8 1.6792375 2.140485 0.9788973 -2.3030821 -2.773269
Item 9 1.2427276 2.300461 0.3158956 -1.1612637 -1.459518
Item 10 2.592369 4.816314 1.7304576 -3.0712945 -3.356455
Item 11 0.8634693 1.088787 0.6129386 -0.9727626 -1.102283
Item 12 1.8793678 3.697137 1.7929021 -2.6441636 -2.907275
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Generalized Partial Credit Model Data Generating Parameters

Item a d1 d2 d3 d4
Item 1 1.9682867 3.210208 0.6041567 -1.7253799 -2.78973
Item 2 1.2967538 2.341573 1.261702 -0.2455449 -2.013333
Item 3 3.6240119 6.163613 2.7843951 -1.0279311 -5.787697
Item 4 1.6383015 2.669297 0.6504664 -1.0579291 -2.658706
Item 5 2.6412785 4.14342 0.4016618 -0.9414887 -2.823617
Item 6 1.8363191 3.078195 1.4678899 -1.7952482 -2.747437
Item 7 2.7586827 3.981743 1.7643366 -1.2641629 -3.746977
Item 8 1.6792375 2.140485 0.9788973 -1.5978024 -2.773269
Ttem 9 1.2427276 2.300461 0.3158956 -1.0867 -1.459518
Item 10 2.592369 4.816314 1.7304576 -1.6714152 -3.356455
Ttem 11 0.8634693 1.088787 0.6129386 -2.1384461 -1.102283
Ttem 12 1.8793678 3.697137 1.7929021 -1.685686 -2.907275
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