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Abstract
The linear mixed model (LMM) is a popular statistical model for the analysis of longitudinal data. 
However, the robust estimation of and inferential conclusions for the LMM in the presence of 
outliers (i.e., observations with very low probability of occurrence under Normality) is not part of 
mainstream longitudinal data analysis. In this work, we compared the coverage rates of confidence 
intervals (CIs) based on two bootstrap methods, applied to three robust estimation methods. We 
carried out a simulation experiment to compare CIs under three different conditions: data 1) 
without contamination, 2) contaminated by within-, or 3) between-participant outliers. Results 
showed that the semi-parametric bootstrap associated to the composite tau-estimator leads to valid 
inferential decisions with both uncontaminated and contaminated data. This being the most 
comprehensive study of CIs applied to robust estimators of the LMM, we provide fully commented 
R code for all methods applied to a popular example.
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The linear mixed model (LMM) has become the preferred choice of analysis in many 
longitudinal research settings, because it offers many advantages over other traditional 
methods: 1) it corrects estimation bias and consistency for the statistical dependencies 
due to multiple assessments on the same participants (which ordinary linear regression 
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does not); 2) it allows for flexible correlation structures among the repeated measure­
ments, without needing to satisfy stringent assumptions, such as sphericity (which is 
difficult to achieve but required in repeated measures analysis of variance); and 3) it easi­
ly accommodates missing and unbalanced data, under the missing-completely-at-random 
or missing-at-random assumptions (Laird & Ware, 1982; Snijders & Bosker, 1999; Verbeke 
& Molenberghs, 2000).

Although the use of the LMM in longitudinal research is well established and fre­
quent (e.g., Singer & Willett, 2003; Verbeke, 1997), the estimation of this class of models 
in the presence of outliers, that we define as observations associated to a very low 
probability of occurrence if they are assumed from a normal distribution, is not yet 
part of mainstream longitudinal data analysis (Koller, 2016). Outliers may be particularly 
vexing in longitudinal settings, where they can take two forms: 1) within-participant, 
where a participant with generally ordinary data points has one or a few outlying values, 
and 2) between-participant, where all data points of a given participant are outliers 
when compared to those of other participants. With recent technological developments, 
computational power has increased dramatically, allowing for the application of comput­
er intensive methods also on personal computers (Efron & Hastie, 2016). These develop­
ments have facilitated and propagated the use of modern statistical methods to handle 
outliers, called robust methods (Andersen, 2008). We use the term robust in the sense 
of Huber and Ronchetti (2009), for whom: “robustness signifies insensitivity to small 
deviations from the assumptions” (p. 1). In this work, we contrast classical (non-robust) 
to robust estimation methods for the LMM. More precisely, we consider the most recent 
and comprehensive, to the best of our knowledge, comparison of robust LMM estimators 
(Agostinelli & Yohai, 2016).

At present, robust estimation of the LMM does not always allow for inferential con­
clusions, because standard statistical tests for classical estimation (e.g., t, F , or likelihood 
ratio) are not available with robust estimation (Kuznetsova, Brockhoff, & Christensen, 
2017). Consequently, from an applied perspective it becomes difficult, if not impossible, 
to analyze correlated and contaminated data and draw sound inferential conclusions. 
Instead of seeking to derive p-values associated with null-hypothesis testing, however, 
we can rely on confidence intervals (CIs), which offer interpretative advantages over 
p-values (Cumming, 2014; Greenland et al., 2016; Wasserstein & Lazar, 2016; Wilkinson, 
1999). To do so, we apply the bootstrap methodology (Efron, 1979; Goldstein, 2011) and 
implement it to the LMM estimation methods discussed in Agostinelli and Yohai (2016), 
and study their coverage (i.e., inclusion of the parameter value) and length.

The Linear Mixed Model
For i = 1, …, n, let the model equation for the LMM be:
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yi = Xiγ + Zibi + εi,  with bi ⊥ εi (1)

where yi is a vector of length Ji containing the responses of participant i, γ is a vector 
of coefficients for the p fixed effects, Xi is the (Ji × p) design matrix for fixed effects, 
bi is the vector of random effects of length q, independent of the errors εi and Zi is 
the (Ji × q) design matrix for the random effects. In the LMM language, fixed effects 
refer to regression coefficients that are constant between participants and thus do not 
need the subscript i (hence γ rather than γi in Equation 1). In contrast, random effects 
refer to quantities that can vary between participants and thus are designated with the 
subscript i (e.g., bi rather than b). The vector εi = εi1, …, εiJi

T
 contains the Ji individual 

error terms for participant i. Generally, it is assumed that random effects and error terms 
are normally distributed around zero (Laird & Ware, 1982):

bi N 0, Σ  and  εi N 0, σε2I , (2)

where Σ = Σ θ  is the q × q (parametrized) covariance matrix of the random effects and 
σε2I  is the Ji × Ji  (diagonal) covariance matrix of the error term. That is, the model 
assumes that the random effects bi and errors εi stem from centered normal distributions 
and therefore are gathered around zero.

Estimation of LMM
The classical estimation method for the LMM is maximum likelihood based on the 
normal distribution. Conceptually, maximum likelihood (ML) estimates parameters of a 
model based on the likelihood of observing the data, assuming the model to be correct in 
the population. To do so, the (log-)likelihood function, which expresses the likelihood of 
the data as a function of the model parameters, is maximized over all possible parameter 
values. In the LMM, the parameters to be estimated are the fixed effects γ and the var­
iance components σε2, θ . When the normality assumption on the variance components 
is fulfilled, we expect high coverage for CIs associated to ML. However, in the presence 
of either or both between- and within-participant outliers, we expect ML to produce 
CIs with reduced accuracy (e.g., Copt & Victoria-Feser, 2006; Richardson & Welsh, 1995; 
Welsh & Richardson, 1997). ML is either carried out in its full version, or in an alternative 
version, as restricted ML. In analyses not shown here, we obtained virtually identical 
results from the two versions, so that we only discuss the former. ML is implemented 
in the function lmer of R (package lme4, Version [1.1-12]; Bates, Mächler, Bolker, & 
Walker, 2015).
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Robust Estimation
Alternatively, robust methods follow the frequently called central model (see e.g., Koller, 
2013) and consider that the data generating process is:

1 − δ F + δH, (3)

where F  is the central model assumed for the majority of the data (e.g. the normal 
distribution), H  is an arbitrary (noncentral) unknown model, different from F , and δ ∈
[0 ; 1] is the amount of contamination, that is, the proportion of data not from F . In 
this approach, the goal of the analysis is to reach inferential conclusions that are valid 
for the central model F  only and are not influenced by the outliers from H . Commonly, 
this approach involves estimation weights, which are computed so that they are near 1 
for the data from F  and smaller (with a lower bound at 0) for the data from H . There 
are several robust methods for the estimation and inference in the LMM based on the 
“central model”. Here, we consider the three methods compared in Agostinelli and Yohai 
(2016): the S-estimator (Copt & Victoria-Feser, 2006), the composite τ estimator (cTAU, 
Agostinelli & Yohai, 2016) and Koller's (2016) DAStau method. These methods presume 
that the model defined in Equation 1 and Equation 2, which assume normality for bi and 
εi, is true for a majority of the population (thus is the central model), but does not hold 
for outliers.

Conceptually, we can consider the robust methods as weighted versions of their 
classical counterparts, which constitute a special case where all observations’ weights 
are equal to 1. Broadly speaking, the weights (between 0 and 1) produced by the robust 
methods express how likely an observation is to belong to the bulk of the data (and, 
conversely, how unlikely it is to be an outlier), and the degree to which it is taken into 
account in the parameter estimation of the central model. The weights can be attributed 
at the single observation level only (as for cTAU), at the participant level only (S), or at 
both levels (DAStau).

Robust estimators may differ with respect to their priorities. Bounded influence esti­
mators, such as DAStau, aim at limiting the bias in their parameter estimates, whereas 
high-breakdown estimators, such as S and cTAU, strive to tolerate high proportions of 
outliers. However, this latter class typically produces estimators that are less efficient 
than those from the former category (Huber, 1964).

Below we provide a brief summary of the robust estimators for the LMM (see also 
section ‘Technicalities of the Estimation Methods’ in the Supplementary Materials). For 
a detailed treatment of robustness, we refer interested readers to Maronna, Martin, and 
Yohai (2006).

Confidence Intervals for Robust LMM 274

Methodology
2021, Vol. 17(4), 271–295
https://doi.org/10.5964/meth.6607

https://www.psychopen.eu/


S-Estimator

The S-estimator of Copt and Victoria-Feser (2006) gives a set of weights at the participant 
level (cf. Equation S12 in the Supplementary Materials). These estimators can be tuned 
through their tuning constant to achieve high-breakdown. We expect CIs associated 
to S-estimator to perform particularly well in terms of coverage even in the presence 
of a large number of outliers. The downweighting method at the participant level, 
however, could lead to a loss of efficiency leading to lower coverage than CIs associated 
to the other estimators without contamination. The function varComprob (package 
robustvarComp, Version [0.1-2]; Agostinelli & Yohai, 2016) implements the original 
methods choosing the Rocke robustness function.

Composite τ-Estimator (cTAU)

The estimation procedure of the cTAU of Agostinelli and Yohai (2016) returns as many 
weights as there are pairs of observations per participant (namely Ji Ji − 1 /2), see 
Equation S17 in the Supplementary Materials. This high-breakdown estimator improves 
efficiency compared to the S-estimator. We thus expect CIs associated to cTAU to have 
a better coverage without contamination, but equally or slightly more performing than 
S under contamination, especially with within-participant outliers. This method is also 
implemented in R within the function varComprob and we use the default settings.

DAStau Estimator

The DAStau procedure consists of a chain of estimators, including M-estimator and 
Design Adaptative Scale (DAS) estimator (Koller, 2013, 2016). The software also proposes 
a quicker version called “DASvar.” However, because this yields approximate results, we 
did not include it in this study. The procedure returns two sets of weights: one for the 
participants and one for each observation of each participant. DAStau handles both with­
in- and between-participant outliers. Because the DAStau is a bounded influence, but not 
a high-breakdown, estimator, it is not designed to handle as much contamination as S 
and cTAU, as discussed in Agostinelli and Yohai (2016). We expect CIs associated to this 
estimator to better behave than when associated to S and cTAU without contamination 
but slightly worse under contamination. The function rlmer (package robustlmm, 
Version [2.1-2]; Koller, 2016) implements the DAStau method by default (or with the 
option method = "DAStau"). Based on the recommendations in Koller (2013), we 
chose the smoothed Huber function for all four sets of estimating equations (with default 
tuning constant for estimating the fixed effects parameters and for the prediction of 
the random effect, with k=2.28 for the estimation of σε and k=5.11, s=10 for the 
estimation of the other variance components parameters).
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Percentile CIs Based on Bootstrap
A standard procedure to obtain CIs for fixed effects and variance components for LMM 
parameters with both classical and robust estimators is the bootstrap (e.g., Koller, 2016; 
Modugno & Giannerini, 2013). Percentile confidence intervals are obtained by construct­
ing B bootstrap samples, typically of the same size as the original sample, then estimat­
ing the parameter of interest on each bootstrap sample, and finally obtaining the lower 
and upper bounds by taking the α2 × 100 and 1 − α

2 × 100 empirical percentile of the 
bootstrap distribution of each parameter (which may thus produce asymmetrical CIs). If 
the bootstrap distribution is skewed and/or biased, Tibshirani and Efron (1993) proposed 
a refined version, called bias-corrected accelerated (BCa). This CI method performs well 
in the LMM context (Deen & de Rooij, 2019), but, to the best of our knowledge, has 
never been associated to robust LMM estimators. We tested this method in one of our 
simulation conditions, and found that, whereas in classical LMM estimation BCa was 
slightly superior to the percentile method, with robust LMM estimation results were 
highly inconsistent, and often worse than for other CI methods. In the end, because 
of its unpromising results with robust LMM estimation, we did not consider it for our 
simulation study.

There are several methods to generate bootstrap samples in the LMM setting. 
Modugno and Giannerini (2013) compared the classical parametric bootstrap to their 
proposed semi-parametric wild bootstrap in the LMM estimated by ML only. The former 
method has stronger assumptions than the latter (i.e., fixed covariates, correct specifica­
tion of both fixed effects and variance components, and homoscedasticity and normali­
ty for random effects). The authors found that, although generally the two methods 
performed very similarly, the wild method was superior in large samples and with 
heteroscedastic random effects. We thus consider these two CI methods, but extend the 
study by Modugno and Giannerini (2013) by applying them to robust LMM estimators.

Parametric Bootstrap
First, the procedure estimates fixed effects (γ) and variance components σε2, θ  parame­
ters from model (1) on the original data yi, Xi, Zi; i = 1, …, n  to produce γ, σε

2, and Σ θ . 
Then, for each of the B bootstrap samples:

1. For i = 1, …, n, generate εi* N 0, σε
2  and bi* N 0, Σ θ  to build

yi∗ = Xiγ + Zibi∗ + εi∗

2. Estimate γ, σε2, and θ from model (1) on the bootstrap sample yi*, Xi, Zi; i = 1, …, n  to 
produce γ*, σε

2 *, and Σ θ* .

The estimator used at step 2 can either be the same as, or differ from, that used on 
the original sample. Because we generated B = 5000, and robust LMM estimation can 
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be computationally extremely intensive1, we choose to apply ML at step 2 also when a 
robust estimator was used at step 1. We believe this procedure legitimate because the 
bootstrap samples are unlikely to contain outliers.

Wild Bootstrap
The wild bootstrap method replaces step 1 of the parametric bootstrap computing “resid­
ual” υ̃i as follows (Modugno & Giannerini, 2013):

υ̃i = diag I − Hi
−1/2 ∘ yi − Xiγ , (4)

with Hi = Xi X TX −1Xi
T , where the operator “∘” denotes the (element-wise) Hadamard 

product.
For i = 1, …, n, sample independently wi* from the following standardized random 

variable (Mammen, 1993):

wi* =
− 5 − 1

2 with probability p = 5 + 1 / 2 5
5 + 1
2 with probability q = 1 − p

(5)

According to Modugno and Giannerini (2013), these weights produce better results than 
the simple weighting scheme usually used with classical linear models, consisting in 
sampling either 1 or -1 with equal probability of .50. Then construct individual responses

yi* = Xiγ + υĩ wi* . (6)

Monte Carlo Simulation
Inspired by the dataset sleepstudy used very often for didactic purposes in LMM 
packages, such as in Bates et al. (2015) and Koller (2016), we conducted a simulation 
experiment, where we studied the consequences of various types of data contamination 
(C) due to outliers on CIs properties. We manipulated (a) the proportion of outliers (δ
= 0.05 vs. 0.1), expecting decreased CI coverage with higher δ; and (b) the number of 
waves of assessment (J= 4, 8; cf. Ghisletta et al., 2020), expecting an impact mainly on 
change-related parameters, that is, γ1 and σ12 estimates, with higher coverage when J = 8.

1) Over 500 large simulated samples (40 participants measured 80 times following the design described in Modugno & 
Giannerini, 2013) the mean computing time for a CI is 3.034 days with the first method and 0.9 days with the second 
method on the most powerful computing facility at the University of Geneva.

Mason, Cantoni, & Ghisletta 277

Methodology
2021, Vol. 17(4), 271–295
https://doi.org/10.5964/meth.6607

https://www.psychopen.eu/


We initially intended to manipulate also sample size, by contrasting n = 200 to 
n = 500. Due to the excessively heavy computational time involved, we obtained results 
in the uncontaminated and within-participant outlier conditions only, but not in the 
remaining between-participant contamination conditions. Nevertheless, with greater 
sample size we observed very similar amounts of parameter bias, but lower CI length 
and coverage rates (cf., Figures S1-S4 in the Supplementary Materials). We therefore 
found limited interest in pursuing in this direction.

We based the simulation population values and magnitude of outliers on the rounded 
ML estimates from the sleepstudy data.

Uncontaminated Data (C0)
We first generated data without contamination from the following model:

yi = 250 1 + 10 xi + b0i1 + b1ixi + εi = Xiγ + Zibi + εi, (7)

with 1 a vector of 1’s of dimension Ji, γ = 250, 10 T  and with the elements of xi repre­
senting the day of measurement (hence, from 0 to J -1, with Ji = J ). We additionally 
assumed

b0i
b1i

N 0
0 , 790 −8.5

−8.5 40 , (8)

and

εi N 0, 400 I . (9)

We then generated contaminated data under two different conditions: with outlying 
errors εi (Cεi) and with outlying random slope effects b1i (Cb1i), as described below. In 
the Supplementary Materials (see Figures S7 and S10), we also provide results with 
outlying random intercept effects b0i (Cb0i), but do not discuss them here, because they 
were analogous to those for Cb1i.

Contamination of the Errors (Cεi)
This condition simulated within-participant outliers, with outlying single observations, 
randomly distributed across participants. While we assumed that a proportion (1-δ) of 
the generated data points follow Equation 9, we also assumed that the remaining propor­
tion δ had outlying individual error terms, so that the full data generating mechanism 
was defined by Equation 7 and Equation 8 with εi, such that

εij 1 − δ N 0, 400 + δN −80, 0.25 . (10)
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We centered the contaminated distribution at −80, thus four SDs (= 4 400) below zero, 
because in the sleepstudy application the ML estimate of σε was 25.59 and the 
smallest residual was −101.18 (hence roughly 4 SDs below 0). We arbitrarily chose the 
variance of the contaminated errors at 0.25 to limit their variability. We expect degraded 
performance of CIs associated with ML for γ0 and σε2. For all methods, effects of with­
in-participant outliers should be more deleterious when J = 4 than J = 8. This should 
especially be the case for σ12, because of the greater influence that a single point out of 
four, compared to eight, can exert on the estimation of this parameter. In general, we 
expect these effects to be greater in classical than in robust estimators. Finally, because 
S downweights data only at the participant-level, we expect CIs to have lower coverage 
than when associated to cTAU, which is also a high-breakdown estimator but weights 
data at the observation level and thus should be more efficient.

Contamination of Random Slope Effects (Cb1i)
This condition implemented between-participant outliers, where all values of a partici­
pant were particularly deviant. To produce a δ-proportion of outliers at the random 
slope level, we modified the mean of their distribution by shifting it four SDs to the 
left, generating data from Equation 7 and Equation 9, using the following distributional 
assumptions for the random effects:

b0i
b1i

1 − δ N 0
0 , 790 −8.5

−8.5 40 + δN 0
−25 , 7.9 −0.085

−0.085 .4 (11)

We expect contamination effects only on the slope parameters. In particular, γ1 should 
be underestimated, because of the negative contamination, whereas σ12 should be overes­
timated, because of an overestimation of the between-individual variability on the slope 
reducing the coverage rates. Again, across all methods, the estimation of the individual 
slopes should improve with J = 8 compared to J = 4. Indeed, with only four individual 
observations there is less signal to determine the atypical nature of a trajectory.

Study Design
Our contamination method is inspired by Richardson and Welsh (1995), and reproduces 
the generating process of the central model: most of the data follow a normal distribu­
tion, whereas outliers are generated from an alternative normal distribution. Ultimately, 
our design contained 2 (δ = 0.05, 0.1) × 2 (J  = 4, 8) × 3 (C0, Cεi, Cb1i) conditions, for a total 
of 12 simulation cell conditions.

For each condition we generated 250 data sets (which, according to Equation 1 of 
Morris, White, and Crowther (2019), is generally enough to obtain a sufficient degree 
of precision), for a total of 3000 data sets, each to which we applied the possible combina­
tions of the four estimators and the 2 CI estimation methods, producing 8 types of CIs. 
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For the percentile CIs based on bootstrap, we generated B = 5000 bootstrap replications 
(cf. Deen & de Rooij, 2019) and all CIs were calculated for a .95 confidence level.

Simulation Analysis
For each of the six parameters (γ0, γ1, σε2, σ02, σ12, σ10), we comparatively assessed the 
coverage of each type of CI. For each parameter, in each cell condition, we defined the 
actual CI coverage as the proportion of the 250 CIs including the true population value. 
It is important that the observed coverage approaches the nominal coverage (e.g., .95) to 
allow for sound inferential conclusions.

Results
All barplots figures (see Figure 1, Figure 3, and Figure 5) present coverage from 0 to 1. 
The horizontal dashed line represents the nominal (.95) coverage level. The barplots are 
color-coded according to the type of CI method (parametric in black and wild in grey) 
and each estimation method is indicated on the abscissa. Parameters are indicated on the 
left top of each panel. Each major panel is split vertically in two subpanels, with J = 4 on 
the left side and J = 8 on the right. For the contaminated scenarios (Cεi and Cb1i), the two 
subpanels are further split in two horizontally, with δ = 0.05 on the top and δ = 0.1 on 
the bottom row (cf. Figure 3 and Figure 5).

For the 8 types of CIs, we also produced line range plots (see Figure 2, Figure 4, 
and Figure 6) to visualize the 250 CIs produced for parameters of chief interest in each 
setting to better understand the CIs coverage rates. Parameter values are on the abscissa, 
and their expected values are represented by the vertical black line. If the expected 
values is included in the CI, the corresponding line range is dark, else it is light. Each 
major panels is split vertically in 16 individual panels, first by J  (J  = 4, the first 8 
columns and, J  = 8 the last 8 ones), then by estimators and bootstrap methods. For the 
contaminated scenarios (Cεi, see Figure 4 and Cb1i, see Figure 6), each panel is further 
split in two horizontally, with δ = 0.05, on the first row and, δ = 0.1 on the second. 
Complete line range plots for all parameters in all contamination settings are available in 
the Supplementary Materials Figures S8, S9 and S10.

Uncontaminated Data (C0)
For the fixed effects, when associated to ML, no major differences in coverage emerged 
between the parametric and the wild bootstrap as we can see on Figure 1. However, 
when associated to robust estimators (mostly S and cTAU), the wild bootstrap obtained 
better coverage than the parametric bootstrap for γ1, whereas coverage was similar for 
γ0. Indeed, as we can see on the upper major panel of Figure 2, for γ1, CIs were much 
larger with the wild than with the parametric bootstrap, resulting in a lower coverage for 
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the latter when associated to S and cTAU. Also, ML (with parametric and wild bootstrap), 
cTAU and DAStau (both with wild bootstrap only) had coverage close to the nominal 
threshold for both fixed-effect parameters in the uncontaminated condition.

For the variance components (see Figure 1), again, the two types of bootstrap when 
associated to ML obtained coverage close to the nominal threshold, with a slight dif­
ference for σε2, where the parametric bootstrap was closest to .95. The wild bootstrap 
obtained better coverage when associated to the robust estimators, particularly for σ12. 
The lower panel of Figure 2 reveals that the bias estimation of σ12 with S, cTAU, and also, 
when J  = 4, with DAStau, affected the parametric bootstrap method and explained the 
coverage differences noted above.
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Figure 1

Coverage of CI for the Six Parameters as a Function of J , and the Estimators in the Uncontaminated Condition (C0)

Note. ML = maximum likelihood; S = Copt and Victoria-Feser’s S-Estimator; cTAU = Agostinelli and Yohai’s 
composite τ; DAStau = Koller’s DAStau. Black bars indicate parametric bootstrap CIs and grey bars indicate 
wild bootstrap CIs. Each of the major panels is split in two: J = 4 on the left and J = 8 on the right. The 
horizontal dashed lines indicate the .95 nominal confidence level.
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Figure 2

CIs for γ1 and σ12 (Respectively on the Upper and Lower Major Panel) for J = 4 and J = 8, for Each Estimation and 
Each Bootstrap Method, in the Uncontaminated Condition (C0)

Note. ML = maximum likelihood; S = Copt and Victoria-Feser’s S-Estimator; cTAU = Agostinelli and Yohai’s 
composite τ; DAStau = Koller’s DAStau. CIs for samples 1 to 250 are vertically displayed. The bootstrap type, 
the estimators and J  are indicated in the lower grey boxes. Each of the major panels is split in 16: J = 4 on the 
first eight facets (one by type of CIs) and J = 8 on the last eight ones. The black lines at 10 and 40 represent the 
true underlying value of the parameters.
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Contamination of εi (Cεi)
This contamination condition affected mainly γ0 and σε2, whereas results for the remain­
ing four parameters were similar to those observed in C0 (mainly for γ1, ML, cTAU and 
DAStau obtained closer to nominal coverage than S, especially when associated to the 
wild bootstrap; for the remaining variance components, all estimators performed well 
when associated to the wild bootstrap; cf. Figures S5 and S8). Figure 3 thus displays 
coverage CIs for γ0 and σε2 only. ML obtained the worst coverage for γ0 in all conditions 
(cf. upper panel of Figure 3). When δ = 0.05, the two bootstrap methods obtained the 
highest coverage for γ0 with S and cTAU, with slightly better coverage for S with 
the parametric bootstrap, followed by cTAU with the wild bootstrap. When δ = 0.1, all 
coverages for γ0 fell drastically, except for S when J = 4. The upper panel of Figure 4 
reveals that differences in coverage for γ0 are principally explained by differences in 
estimation, with more bias for ML than for other estimators, and when δ = 0.1 compared 
to δ = 0.05. As in C0, the two bootstrap methods behaved similarly for γ0.

Coverage rates for σε2 were always exactly null except for S and cTAU with paramet­
ric bootstrap when δ = 0.05 and J = 4 (but rates were close to .10 only; cf. lower panel 
of Figure 3). We can see on the lower panel of Figure 4 that all estimates were biased. 
Overall, bias was larger with δ = 0.1 than with δ = 0.05, parametric bootstrap CIs were 
shorter than with wild bootstrap, and for all estimation methods, variability in estimation 
was higher when J = 4 than when J = 8.
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Figure 3

Coverage of CIs for γ0 and σε2 (Respectively on the Upper and Lower Major Panel) as a Function of J , and the 
Estimators in the εi Contaminated Condition (Cεi)

Note. ML = maximum likelihood; S = Copt and Victoria-Feser’s S-Estimator; cTAU = Agostinelli and Yohai’s 
composite τ; DAStau = Koller’s DAStau. Black bars indicate parametric bootstrap CIs and grey bars indicate 
wild bootstrap CIs. Each of the major panels is split in four: J = 4 on the left and J = 8 on the right, δ = 0.05 on 
the top and δ = 0.1 on the bottom. The horizontal dashed lines indicate the .95 nominal confidence level.
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Figure 4

CIs for γ0 and σε2 (Respectively on the Upper and Lower Major Panel) for J = 4 and J = 8, for Each Estimation and 
Each Bootstrap Method, in the εi Contaminated Condition (Cεi)

Note. ML = maximum likelihood; S = Copt and Victoria-Feser’s S-Estimator; cTAU = Agostinelli and Yohai’s 
composite τ; DAStau = Koller’s DAStau. CIs for samples 1 to 250 are vertically displayed. The bootstrap, the 
estimators and J  are indicated in the lower grey boxes. Each of the major panels is split in 32: J = 4 on the first 
eight facets (one by type of CIs) and J = 8 on the last eight ones, δ = 0.05 on the top and δ = 0.1 on the bottom. 
The black lines at 250 and 400 represent the true underlying value of the parameters.
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Contamination of b1i (Cb1i)
This contamination resulted mainly in effects on CIs for γ1 and σ12 (see Figure 5 and 
Figure 6). Again, for the other parameters, results were similar to those obtained in 
the other simulation conditions and are available in the Supplementary Materials (see 
Figures S6 and S9), which also contains results when contamination occurred on b0i, 
affecting coverage rates on γ0 and σ02 (see Figures S7 and S10 for Cb0i).

Generally, the wild bootstrap outperformed the parametric bootstrap with robust 
estimators and, to a lesser extent, also with ML. Again, ML obtained the lowest coverage 
for γ1, especially when J = 8. When δ = 0.05, S obtained coverage close to the nominal 
threshold, but only when J = 8. cTAU and then DAStau followed next in coverage. 
Again, coverage dropped drastically when δ = 0.1, but S retained the highest rates. 
Interestingly, only robust estimators’ CIs had better coverage when J = 8 than J = 4. The 
upper panel of Figure 6 shows that all CIs were shorter when J = 8 than J = 4, especially 
with the parametric bootstrap, which may explain the reduced coverage for ML when 
J = 8. On the contrary, with robust estimators associated to the wild bootstrap, especially 
when δ = 0.05, CIs appear slightly shifted to the right, towards the true value, thereby 
resulting in higher coverage.

For σ12, all coverage rates were extremely low (see lower panel of Figure 5). The lower 
panel of Figure 6 shows that parametric CIs with S and cTAU were very close to zero and 
extremely small, resulting in nearly null coverage. Again, CIs were larger when J = 4
than when J = 8 and closer to the expected value when δ = 0.05 than δ = 0.1, explaining 
the best coverage rate with the wild bootstrap when δ = 0.05 and J = 4.
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Figure 5

Coverage of CIs for γ1 and σ12 (Respectively on the Upper and Lower Major Panel) as a Function of J , and the 
Estimators in the b1i Contaminated Condition (Cb1i)

Note. ML = maximum likelihood; S = Copt and Victoria-Feser’s S-Estimator; cTAU = Agostinelli and Yohai’s 
composite τ; DAStau = Koller’s DAStau. Black bars indicate parametric bootstrap CIs and grey bars indicate 
wild bootstrap CIs. Each of the major panels is split in four: J = 4 on the left and J = 8 on the right, δ = 0.05 on 
the top and δ = 0.1 on the bottom. The horizontal dashed lines indicate the .95 nominal confidence level.
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Figure 6

CIs for γ1 and σ12 (Respectively on the Upper and Lower Major Panel) for J = 4 and J = 8, for Each Estimation and 
Each Bootstrap Method, in the b1i Contaminated Condition (Cb1i)

Note. ML = maximum likelihood; S = Copt and Victoria-Feser’s S-Estimator; cTAU = Agostinelli and Yohai’s 
composite τ; DAStau = Koller’s DAStau. CIs for samples 1 to 250 are vertically displayed. The bootstrap, the 
estimators and J  are indicated in the lower grey boxes. Each of the major panels is split in 32: J = 4 on the first 
eight facets (one by type of CIs) and J = 8 on the last eight ones, δ = 0.05 on the top and δ = 0.1 on the bottom. 
The black lines at 10 and 40 represent the true underlying value of the parameters.
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Discussion
In this work we compared the parametric and wild bootstrap methods to compute CIs 
for both fixed effects and variance components of LMM parameters estimated with one 
classical and three robust estimators. We compared the eight resulting CI types in terms 
of coverage under three different conditions: no contamination (C0), within-participant 
outliers (Cεi, based on time-varying errors), and between-participant outliers (Cb1i, based 
on time-invariant slopes). We also manipulated number of repeated measurements (J  = 
4 or 8) and proportion of contaminated data (δ = 0.05 or 0.1). In the end, we extend the 
work of Agostinelli and Yohai (2016) and of Modugno and Giannerini (2013), by combin­
ing the estimation methods studied in the former article to the CI methods investigated 
in the latter article, thereby providing the thoroughest discussion of CIs from robust 
estimation in LMM.

Major Statistical Considerations
First, we found that the contamination effects were different across within- and be­
tween-participant outliers, but in both cases CI coverage was mainly reduced for specific 
estimates. For the former, CIs of γ0 and σε2 were strongly affected, whereas for the latter, 
CIs of γ1 and σ12 were impacted under Cb1i (and analogously, for γ0 and σ02 under Cb0i). But 
across all contamination conditions, coverage of CIs of the remaining parameters were 
similar to those obtained without outliers. And, unsurprisingly, the more the outliers, the 
stronger the effects of the contamination on CI coverage rates.

Second, with ML estimation and uncontaminated data, both parametric and wild 
CIs obtained excellent coverage across all parameters. Moreover, wild CIs were larger 
for variance components, especially for σε2, with rates close to 1, as in Modugno and 
Giannerini (2013). On the contrary, with robust estimators, the wild bootstrap nearly 
always outperformed the parametric method in terms of coverage, particularly for γ1 and 
the variance components.

Third, without contamination, CI coverage rates with cTAU and DAStau were similar 
to those of ML for fixed effects and variance components parameters. With S, coverage 
was lower for the fixed effects parameters, but similar for the variance components. 
Thus, with uncontaminated data, ML with both bootstrap methods, and cTAU and DAS­
tau with the wild bootstrap produced the best CIs.

Fourth, our results confirm that in the presence of relatively many (i.e., 5% or 10%) 
outliers, CIs for ML estimates can obtain very low coverage rates. As expected, with 5%
of outlying data, robust estimators obtain higher CI coverage than ML. Consistently with 
Agostinelli and Yohai (2016), who observed that DAStau fixed effect estimates were less 
accurate than those of S and cTAU under within- and between-cluster outliers, we found 
that the wild bootstrap obtained slightly lower coverage with DAStau than with S and 
cTAU for the parameters affected by the contamination condition. With 10% of outliers 
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in the data, only S maintained a high coverage for γ0 under Cεi and Cb0i when J = 4. 
But under Cb1i, the coverage for γ1 dropped across all estimators, even if it still obtained 
the best performance. For the variance components affected by contamination, coverage 
were very low for all methods, independently of the proportion of outliers.

In conclusion, in the realm of our simulation, when there are no or a few outliers, the 
wild bootstrap associated to the cTAU estimator provides excellent coverage generally 
for all parameters, except for the variance component parameters particularly affected by 
the contamination condition. However, when the proportion of outliers becomes larger, 
CIs obtained with the S estimator and the wild bootstrap method appear superior.

Limitations, Extensions, and Further Applications
Motivated by the empirical sleepstudy example that is often used as a didactic 
example for R (Bates et al., 2015; Koller, 2016), we based the population values of our 
simulation on LMM results from this data set. A characteristic of the empirical LMM 
results was the nearly null intercept-slope covariance estimate (σ10 = − 8.5, implying 
r10 = − .05). Of the results we obtained, we are most wary of those about this parameter. 
As usual, the extension of the conclusions beyond the specific simulation conditions has 
to be made cautiously.

Also, our example enjoyed balanced data, in that each participant was assessed at 
the same occasions and had complete data. Two of the robust estimation methods we 
examined cannot be applied to unbalanced data (namely S and cTAU), so that analysts 
with such data cannot apply all robust estimators to the LMM. Extending S and cTAU 
to handle unbalanced data would greatly increase their applicability. Nevertheless, based 
on the current results, it appears that the use of DAStau with the wild bootstrap when 
analyzing unbalanced data that possibly contain outliers might be useful. Indeed, this 
method obtains CIs for most parameters with larger coverage than those based on 
classical estimators, with and without outliers.

The example did not include explanatory covariates, other than time. Typically, re­
searchers are interested not only in testing for sample heterogeneity in intercept and 
slope values, but also in trying to explain such interindividual differences by means 
of person-specific covariates. For instance, in LMM applications to experimental data a 
main covariate is group membership, which distinguishes participants in the treatment 
from those in the control group. It seems plausible that the presence of outliers in the 
response variable may differ between the groups, to the point of possibly clouding the 
treatment effect. Knowledge about robust estimation of the LMM in such situations 
should further increase the attractiveness of applying the LMM to experimental data.
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Conclusions
Nowadays, several methods for the robust estimation of the LMM are available. In this 
work, which we believe to be the most comprehensive on CIs with robust estimation 
in the LMM, we have shown that cTAU with the wild bootstrap can produce sound 
inferential conclusions, both with and without data contamination.

We are not claiming that all repeated-measure (or, more generally, nested or crossed) 
data sets necessarily contain outliers that bias results when classical estimation meth­
ods are used. Nevertheless, we hope to have raised awareness about the possible det­
rimental effects of outliers in the context of the LMM and to have provided useful 
suggestions about alternative estimation methods for such data. We provide R code 
(see Supplementary Materials) to implement these methods, accompanied by detailed 
comments, so that most users familiar with the R language and environment ought to be 
able to use our code to estimate their LMMs when suspicion arises about the presence 
of outliers. Our wish is that research in this domain continues to provide tools aimed at 
reducing the potentially detrimental effects of outliers, and that researchers may find the 
applications of such tools meaningful to their work.
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